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Abstract. Though early calculations relied on the single configuration, Hartree-Fock approx-
imation, present day methods use multi-configuration approximations where expansions involve
thousands of configuration states. Such calculations include the effect of correlation in the motion
of electrons and rely extensively on group theoretical concepts for angular integrations. The effect
of correlation on line strengths for transitions in elements of the third row will be described.

1. Introduction

When an atom or ion is excited, there is a probability that it will decay to a
lower state emitting a photon whose frequency is related to the energy difference.
This probability is denoted by Aki, the transition rate. The lifetime of a level is
1/

∑
i Aki where the sum is over all levels i lower in energy than level k. Closely

related to this rate is the oscillator strength, fik, that determines the absorption
of a photon and the excitation of the state. Both these quantities are defined in
terms of a line strength,

Sik = 〈ψi | T | ψk〉2 , (1)

where T is a one-electron operator for a type of transition and ψi, ψk are wave-
functions describing the lower and upper states, i, k.

Transition rates and oscillator strengths, along with transition energies and
frequencies, are essential in the modelling of plasmas arising in astrophysical ap-
plications and fusion studies. Transition energies and wavelengths are most accu-
rately determined from experimental spectroscopy but may not always be available.
Computational atomic spectroscopy can be applied to all atoms and ions (though
accuracy of a given method may vary). The indicators of accuracy for a transition
calculation are the errors in the transition energies, and the discrepancy in the line
strength when different gauges are available for the transition operator T , such as
the length and velocity form for the electric dipole (E1) transition.
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Variational self-consistent field methods for computing approximate wave func-
tions are often used for many-electron systems. One such method is the multi-
configuration Hartree-Fock (MCHF) method. It has been applied to “spectrum”
calculations in which all levels of a lower portion of a spectrum have been computed
and all E1 and many forbidden E2 and M1 transitions from which the lifetimes
of levels can be determined. The results for Be-like to Ne-like have been pub-
lished [1] and those for Na-like to Ar-like have been submitted for publication in
Atomic Data and Nuclear Data Tables. They are also available at the web-site
http://atoms.vuse.vanderbilt.edu

2. Computational Method

In a non-relativistic MCHF calculation, the wave function for an atomic state func-
tion (ASF), ψ(γLS), is expanded in terms configuration state functions (CSFs),
Φ(γLS). Specifically,

ψ(γLS) =
M∑

j

cjΦ(γjLS). (2)

Here γLS is a label for the atomic state whereas for the CSF it represents a
configuration and its coupling, not necessarily only the final term. The CSFs are
constructed from spin-orbitals as antisymmetrized linear combinations of products
of spin-orbitals

φnlmlms =
1
r
Pnl(r)Ylml

(θ, ϕ)ξms(σ) , (3)

where the radial functions, Pnl(r), are represented by their numerical values on a
logarithmic grid, Ylml

(θ, ϕ) is a spherical harmonic, and ξms(σ) a spin-function.
The radial functions are required to be orthonormal within each l symmetry. Vari-
ational methods are used to optimize both the radial functions and the expansion
coefficients. This requirement leads to systems of non-linear, integrodifferential
equations for the radial functions and a matrix eigenvalue problem,

(H − E) c = 0, (4)

for the expansion coefficients, c, where the matrix H = (Hij) and

Hij = 〈Φ(γiLS) | H | Φ(γjLS)〉. (5)

Two configuration states i and j are said to interact if Hij 6= 0. A Hartree-Fock
(HF) approximation consists of a single configuration state. The multiconfigu-
ration correction is referred to as “correlation” which lowers the energy of the
state.

The multiconfiguration self-consistent field (MC-SCF) procedure is used to de-
termine the radial functions and the expansion coefficients to self-consistency [2]
using an extended version of the MCHF atomic structure package [3]. Angular
integrations are performed using the libraries developed by Gaigalas [4]. Rela-
tivistic corrections to order (αZ)2 (where Z is the atomic number) are determined
as eigensolutions similar to Eq. (4), where H is replaced by the Breit-Pauli Hamil-
tonian, HBP , and the expansion is over configuration states Φ(γLSJ). If for a
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given J , there is an interaction between Φ(γLSJ) and Φ(γL′S′J) the two terms
are said to “mix” and the composition of the ASF has contributions from both LS
terms. In an orthonormal basis of CSFs,

∑
i c

2
i = 1, so that composition can be

expressed in terms of probabilities.
Once the atomic state functions have been determined, other properties, such

as transition probabilities, can be computed. All transition calculations used the
method of biorthogonal transformations between separately optimized orbital sets
for the initial and final states [5].

3. Types of Correlation

A calculation depends on the orbitals (radial functions) used and the expansion
coefficients of the CSFs. Often rules are used to generate CSFs in terms of or-
bitals. As in perturbation theory, it is useful to think in terms of a zero-order
approximation and a first-order correction. If the zero-order approximation is a
single CSF then, since the Hamiltonian is a two-electron operator, the first-order
correction is a weighted sum of CSFs that differ by at most two electrons. But
because of near degeneracy and strong interactions, it is better to define the zero-
order approximation so as to include all major contributors to a wavefunction in
which case the first-order correction should include all CSFs that differ by at most
two electrons from one or more CSFs of the zero-order approximation. The CSFs
defining the zero-order approximation are referred to as the “multi-reference set.”

Most transition probability studies are concerned with changes in the outer
regions of the wave function (as distinct from inner shell excitations). A further
simplification results from classifying a multi-electron atom or ion into “core” and
“valence” electrons. Then three types of correlation need be considered, depending
on the types of single- (S) and double- (D) excitations included in the expression:

• Valence (VV) correlation is the correlation among the outer electrons. This
generally is the most important correlation for transition probabilities. In
this category are CSFs that differ by at most two valence electrons from one
or more members of the multi-reference set.

• Core-Valence (CV) is the correlation between the outer electrons and the
core. It accounts for the polarization of the core by the outer electrons. CSFs
in this category differ by one core electron and possibly one valence electron
from CSFs in the multi-reference set.

• Core-Correlation (CC) is the correlation in the core that modifies the
potential for the outer electrons. CSFs in this category differ by two core
electrons from one or more members of the multi-reference set.

Many of the results published for elements in the third-row of the periodic table
so far have included only valence correlation with the core being 1s22s22p6.

4. Valence Correlation

Valence correlation is the most important type of correlation for transition prob-
abilities. It can drastically change Hartree-Fock values.
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Consider a simple calculation for an initial state a and two final states b(i)

where, in terms of configuration states,

a = |3s23p 2P o 〉 (6)

b(i) = b
(i)
1 |3s23d 2D 〉+ b

(i)
2 |3s3p2 2D 〉 , (7)

where [b(i)
1 , b

(i)
2 ], i = 1, 2, are eigenvectors of a 2× 2 interaction matrix of strongly

interacting configuration states. Then the transition matrix element for an electric
dipole (E1) transition is

〈a|r|b(i)〉 = b
(i)
1 〈3s23p|r|3s23d〉+ b

(i)
2 〈3s23p|r|3s3p2〉 .

But for a 2×2 interaction the two eigenvectors are related,

b
(1)
1 /b

(1)
2 = −b

(2)
2 /b

(2)
1 .

As a result, the two contributions have the same sign in one case, and opposite
sign in the other. Consequently, the effect of the configuration interaction is to
enhance the transition matrix element of one transition and introduce cancellation,
and even a change in the sign of the matrix element in the other.

Along the iso-electronic sequence, the dominant component of the lowest 2D
state changes in going from Z=13 to Z=14 and it can be shown that, as a continu-
ous function of Z and because of an“anti-crossing”, the transition matrix element
is a continuous function for transitions to a given eigenstate. All this is shown in
the Fig. 1 where transition matrix elements are plotted for the two lowest eigen-
states and compared with Hartree-Fock values. Note that the excellent agreement
between length and velocity forms for the latter is NOT an indication of accuracy
since the Hartree-Fock energies are greatly in error. The presence of cancellation
makes the calculation of one transition probability more difficult than the other,
even with the same computational procedure.

Table 1 shows “accuracy indicators”, (∆E: percent error in the transitions
energy, ∆T : percent discrepancy in length and velocity form) for two transitions as
a function of the nuclear charge, Z, for valence correlation Breit-Pauli calculation.

Table 1: Multiplet oscillator strengths and accuracy indicators for several E1 tran-
sitions along the Al-like isoelectronic sequence. (∆E: percent error in the transi-
tion energy, ∆T : percent discrepancy in length and velocity form.)

Z 3s23p 2P o − 3s24s 2S 3s23p 2P o − 3s23d 2D
fl ∆E ∆T fl ∆E ∆T

13 0.1170 0.98 1.0 0.1646 0.72 2.0
14 0.1310 0.31 0.7 1.214 0.25 0.2
15 0.0833 0.69 0.8 1.282 0.39 0.9
16 0.0903 0.04 1.2 1.179 0.61 1.5
17 0.0880 0.05 1.2 1.054 0.77 1.7
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Fig. 1: Transition matrix elements for the {3s23p, 3p3} 2P (1)−{3s3p2, 3s23d, 3p23d}
2D(i) transitions, i = 1, 2, as a function of 1/(Z − 10).

5. Core-Valence Correlation

Valence correlation calculations assume an inactive spherical core but, in fact, the
presence of outer electrons polarizes the core. This core-polarization is represented
in the wave function (to first order) by those configuration states that differ from
one or more members of the multireference set by the excitation of one core orbital
and one valence shell orbital to the allowed orbital set.

Table 2: The effect of core valence correlation on the LS line strength of 3s23p
2P o – {3s23d, 3s3p2} 2D transitions as a function of Z. Quoted are length and
velocity values (L/V) for an E1 transition.

Z 2D(1) 2D(2)

VV CV VV CV
13 9.75 /10.0 10.56/10.61
14 0.124/0.098 0.117/0.125 29.46/29.90 28.6/28.5
15 0.862/0.804 0.864/0.885 21.62/21.96 20.84/20.79
16 1.107/1.056 1.105/1.127 15.25/15.56 14.60/14.57
17 1.120/1.081 1.113/1.133 11.15/11.46 10.65/10.63
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Two things are observed in Table 2:

1. The length/velocity agreement improves when core-valence is added with
the greatest change being in the velocity form. For transitions to the second
2D(2), there is a slight decrease in the size of the line strength.

2. For the stronger transition, the core-valence correlation results are outside
the L/V results for valence correlation. Thus the L/V values do not define
upper and lower limits. Not observed is a decrease in the effect of core-valence
on this line strength as Z increases.

For the 3s3p2 2P o – 3p3 2D transitions, CV changes the length value very
little but improves the accuracy indicator, ∆T , as shown in Table 3.

Table 3: The effect of core valence on the LS line strength of 3s3p2 2P o – 3p3 2D
transitions as a function of Z. Quoted are length values along with the discrepancy
in the gauges, in parentheses in percent.

Z VV CV
16 1.19 (13.8) 1.24 (5.1)
17 1.30 (12.1) 1.33 (4.0)
18 1.27 (11.2) 1.29 (3.7)
19 1.18 (10.9) 1.19 (3.5)

6. Core Correlation

The Na-like sequence is special in that there is no valence correlation and it has
been shown that agreement with experiment requires the inclusion of both core-
valence and correlation in the core [6]. CV calculations can readily be performed
with either MCHF [2] or MCDHF [7]. BSR CI [8] is most suitable for CV + CC,
except possibly for the neutral atom. For the 3s – 3p transition, CV reduces the
line strength whereas CC increases it slightly. Now both decrease with increasing
degree of ionization as shown in Table 4.

Other transitions have not been studied as extensively by different theories
but generally CV reduces the line strength which is then increased slightly by core
correlation, though the effect reduces for increasing degrees of ionization. The
effect is more pronounced in transitions where there is cancellation as in 3p 2P o

– 4s 2S transitions [10].

7. The Labelling problem

In theoretical work using the Breit-Pauli approximation, levels are labelled first
according to the dominant LS term in the composition of the wave function and
within that LS, the configuration state with the largest expansion coefficient. In
some cases, this is a dominant (greater than 50%) composition, in others a max-
imum, or even simply the only remaining label. The problem is illustrated in
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Table 4: Comparison of line strengths for the 3s 2S1/2 – 3p 2P o
1/2,3/2 transi-

tions including different correlation effects in the Na-like sequence. The values for
transitions to 2P o

1/2 are given above those for transitions to 2P o
3/2 .

Z CV [2,7] CV+CC [8] RMBPT [9]
11 12.29 12.60 12.44

24.58 25.30 24.88
12 5.542 5.644 5.629

11.09 11.29 11.26
16 1.325 1.336 1.333

2.654 2.678 2.671
17 1.058 1.063 1.064

2.121 2.133 2.133
26 0.2838 0.2844 0.2840

0.5724 0.5739 0.5730

Table 5: Energy levels and composition of 3s23p3d 1Do
2 and 3s3p3 1Do

2 from
present work compared with NIST identifications.

Z Label MCHF NIST Present Composition
(in cm−1) 3s23p3d 3s3p3

17 3s23p3d 1Do
2 129357 52% 42%

3s3p3 1Do
2 189685 129340 42% 49%

18 3s23p3d 1Do
2 154325 221815 48% 47%

3s3p3 1Do
2 224510 154212 45% 45%

19 3s3p3 1Do
2 179144 178873 44% 49%

3s23p3d 1Do
2 258724 46% 41%

Tables 5 and 6. For Z=17 and 18, the present identifications have the order of
levels interchanged.

As Z increases, there are crossings of the different 3s23p3d LS terms themselves.
When two different LS terms have a J value in common, the relativistic Breit-Pauli
corrections will result in states with mixed LS compositions. The wave function
expansions in Table 6 illustrate a labelling difficulty.

Such cases present difficulties when comparing different theories. An exam-
ple arises in P II where 3s23p3d 3P o

1 and 3Do
1 are the 6’th and 7’th odd J=1

eigenstates separated by only 298 cm−1. By the Hylleraas-MacDonald-Undheim
theorem, the m’th eigenstate of an interaction matrix is an upper-bound to the
m’th state, but it is possible for one state of an interaction matrix to be an ap-
proximation to another, possibly due to a deficiency in the basis.
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Table 6: Expansion coefficients for configuration state functions (CSF) for the
states labelled 3s23p3d 1Do

2 in Z=23 and 24.

CSF Coefficient
Z=23 Z=24

3s23p3d 3P o 0.567 0.561
3s23p3d 1Do 0.562 0.559
3s3p3 1Do -0.466 -0.456
3s3p3 3P o -0.200 -0.197
3s23p3d 3Do -0.191 -0.239
3s3p3d2 1D -0.105 -0.102

The order of the 3s23p3d 3P o
1 and 3Do

1 levels is not certain. A tabulation of
various results yields

1. 3P o
1 lower – NIST [11], Tayal [12] (calculation D),

2. 3Do
1 lower – Tayal [12] (calculation C), Hibbert [13], MCHF.

Here it needs to be remembered that classification of levels relies on theoretical
analysis based on approximate wave functions. At the same time, it has been
found that the order of computed approximate energies may not be the same as
that of “exact” energies. In order to deal with exactly this situation, it has been
proposed that the easily computed Landé gJ factor be used as a separate property
of a level to determine the order of levels [14]. It is not affected by correlation
within an LS term, only by the mixing of terms. If we simply ignore labels and
order the levels by energy, we get the following:

Index Hibbert Tayal (C) Tayal (D) present NIST
1 61868 64616 64794 64556 65251
2 74948 76601 76743 76340 76812
3 84535 86933 86842 86611 86744
4 86736 88531 89041 88809 88893
5 102632 103527 104118 103146 102798
6 102967 104586 105187 103964 103756
7 103176 104968 105357 104228 104054

Thus in Hibbert’s work, eigenstates 5–7 are close in energy whereas most others
have 5 well separated from 6–7. All theories have a small separation between 6–7.

Tayal [12] did not report percentage composition but this was provided by
Hibbert [13]. A comparison of the LS term dependence of eigenstates 6–7 yields
the following percentages:

Index MCHF Hibbert
1P o

1
3Do

1
3P o

1
1P o

1
3Do

1
3P o

1

6 2.6 62.5 35.0 0 74 26
7 .0 36.0 64.0 1 25 75
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Thus there is a considerable difference in the mixing of LS terms in the two cal-
culations.

In both 3P o
1 and 3Do

1 there is a strong Coulomb interaction between the
3s23p3d and 3s3p3 configuration states, at the same time the LS levels are suffi-
ciently close to each other that the relativistic mixing of terms becomes significant.
If the order of the LS terms is different, the mixing for a given LS state will have
different phases. It is not surprising that the transition rates from these levels
differ significantly between the different theories.
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